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Abstract
We perform extensive analysis on the physics of L-mode tokamak fusion reactors to
identify (1) a favorable parameter space for a large scale steady-state reactor and (2)
an operating point for a minimum scale steady-state reactor. The identification of the
large scale parameter space is part of the 2008 MIT Nuclear Systems Design Project,
which also includes sustainability and economic optimizations to identify a plausible
operating point for a large scale (a 14 m major radius) hydrogen production reactor
dubbed HYPERION. Due to the potentially prohibitive capital cost (a $50 billion)
and exorbitant thermal power (a 35 GWth) of HYPERION, we identify a conservative
estimate for the minimum scale of a similar steady-state L-mode reactor of approxi-
mately 7.5 meters, half the size of HYPERION and only 20% larger than ITER. This
minimum scale reactor would require an on-coil magnetic field of a 16 T and a blanket
power density of ~ 5 MW/m 2 . It would produce 7 GWth of power with a power gain
of 30, and it would operate far from all stability and confinement limits. To confirm
the viability of this operating point, we perform various 1-D calculations. The crucial
advantage of a steady-state (or fully non-inductive) reactor is that it is not limited
by flux swing and can operate continuously, recharging its solenoid during operation.
The crucial advantages of L-mode are that it avoids instabilities associated with edge-
localized modes (ELMs) and that it allows volumetric heating in the mantle due to
the absence of a pedestal. Steady-state L-mode tokamak reactors could be the future
of controlled fusion research and even play an important role in meeting the world's
clean energy needs.
Thesis Supervisor: Dennis Whyte
Title: Associate Professor of Nuclear Science and Engineering
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A Steady-State L-Mode Tokamak Fusion Reactor
1 Introduction
1.1 Motivation
The current United States electrical grid can not safely support a single electric power
source greater than approximately 1 GWe. Were a power source exceeding 1 GWe to unex-
pectedly go off-line, resulting instabilities could cause a "cascading effect" in which multiple
power sources would go off-line and disable the grid. Grids must be designed to withstand
the sudden loss of any single power source without any reasonable possibility of further
power loss. While conventional power sources are much less than 1 GWe, nuclear reactors
(and especially nuclear fusion reactors) can be much more economically efficient at larger
scales. Nevertheless, most studies of potential nuclear fusion reactors have adopted the 1
GWe constraint [13].
However, the current electrical grid is not the only plausible deployment of a fusion re-
actor. The grid could certainly be improved in the future, but we could avoid electricity
production altogether by considering fusion as a source of hydrogen. Hydrogen is a favored
clean replacement for fossil fuels to provide transportation. Thermal power from a fusion
reactor can produce hydrogen via high-temperature electrolysis or a sulfur-iodine cycle with-
out carbon emissions. Thus, large scale fusion reactors could power an entirely carbon-free
transportation system [2].
With this "hydrogen economy" in mind, the 2008 MIT Nuclear Systems Design Project
lifted the 1 GWe constraint to determine optimal fusion reactor parameters (most impor-
tantly size) for sustainability and economic hydrogen production. We focused on standard
tokamaks rather than spherical tokamaks, stellarators, or inertial confinement devices. We
first developed a 0-D model for a tokamak, which was computationally simple and allowed
us to explore large parameters spaces at high resolution. The result was a large scale (~
14 m major radius and ~ 35 GWth) tokamak with operating parameters far from all stabil-
ity and confinement limits that could produce hydrogen at ~ $12 per GJ of hydrogen fuel
energy. This large scale tokamak, which we call HYPERION, would be fully non-inductive
(steady-state) and operate in L-mode, a significant discovery [4].
Unfortunately, the unprecedented scale and potentially prohibitive capital cost (~ $50
billion) of HYPERION present significant problems in terms of perception and engineering
uncertainty. Before investing such enormous capital, we would need to demonstrate the
engineering reality of a fully non-inductive L-mode tokamak with a smaller "pilot plant".
Along with the HYPERION report, we proposed a ~ 9 m and ~ 9 GWth plant for this
purpose [4].
Independent of the MIT Nuclear Systems Design Project, we performed extensive analysis
to determine an absolute minimum scale for such a "pilot plant". We found that a fully non-
inductive L-mode tokamak as small as ~ 7.5 m and ~ 7 GWth is quite feasible. In fact,
Mark Reed
this is actually an overestimate for the minimum scaling, as we were conservative in defining
lower limits of aspect ratio and power gain.
1.2 General Outline
In this thesis, we first describe a comprehensive and computationally-simple O-D model
for a standard tokamak core, including confinement, power balance, and current sustainment.
In Section 2, we show the large scale HYPERION core analysis in detail, which results
in the identification of an approximate optimal parameter space. This is the same analysis
shown in the HYPERION report
In Section 3, we show the complete minimum scale analysis in detail and identify an
approximate minimum scale operating point for a "pilot plant". We confirm the viability of
this operating point with 1-D profiles, startup accessibility analysis, and radiative power.
See the Contents above for a detailed outline of sections.
2 A Tokamak Core Model
2.1 Concept and Geometry
Tokamaks are toroidal chambers which magnetically confine plasma. Figure 1 shows the
basic geometry of a tokamak. R is the major radius, and a is the minor radius. <b and 9
represent the toroidal and poloidal angular directions, respectively. In practice, tokamaks
usually have D-shaped poloidal cross-sections to achieve favorable magnetic topologies. For
simplicity, we will model the poloidal cross-section as an ellipse with elongation K, which is
equal to the ratio of the major axis Ka to the minor axis a
Superconducting coils are wound around the tokamak poloidally (not helically, as in
stellarators) to produce a purely toroidal (1 direction) magnetic field. A large solenoid
filling the center of the tokamak produces flux swing and thus induces a toroidal current in
the plasma. This toroidal current in turn produces a poloidal (9 direction) magnetic field.
The toroidal and poloidal magnetic fields confine the plasma such that it can, with sufficient
temperature and density, produce fusion reactions to generate enormous thermal power.
We will focus on deuterium-tritium (D-T) fusion reactions and assume that the plasma
consists of half deuterium and half tritium. The fusion reaction is
2D +3 T -4 He(3.5MeV) +i n(14.1MeV) (1)
It is important to note that while the charged a-particle is confined by the magnetic
fields, the uncharged neutron is not. The plasma absorbs the a-particle energy, which is 1/5
the total energy produced by the fusion reaction.
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R
Figure 1: An elliptical torus model for a tokamak. R is the major radius, a the minor
radius, and rK the elongation. <} and 0 represent the toroidal and poloidal angular directions,
respectively.
2.2 O-D Core Model Overview
A "perfect" model of a tokamak would include 1-D or 2-D distributions. However, for the
purpose of obtaining a model that is computationally simple enough to perform extensive
analysis with, a O-D model is the most efficient approach.
O-D analysis assumes the plasma has only volume-averaged parameters, meaning that
all its properties (temperature, pressure, density, magnetic fields, etc.) are represented by
a single "average" value rather than by a spatial distribution. The plasma is fully ionized
and consists of half deuterium and half tritium with negligible densities of a-particles and
impurities.
Though not precise, the O-D model greatly simplifies computational analysis so that we
can take more considerations into account and explore parameter spaces at high resolution.
Later on, we verify the chosen O-D operating point with 1-D analysis.
2.3 O-D Core Model System Parameters
Let R/a be the aspect ratio of the tokamak. The aspect ratio is the most distinguishing
geometric parameter, as it determines if the tokamak looks like sphere, a doughnut, or a
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hula hoop. Any tokamak model will be very sensitive to R/a.
The poloidal cross-sectional area is simply
ACS = xx2 (2)
The toroidal volume is approximately that area multiplied by the toroidal length:
V = (2wR)Acs (3)
Using a good approximation for the perimeter of an ellipse as 27ra[(1 + K2 )/2]1/ 2, the
toroidal surface area is
As = (27rR)(27ra) ( K) (4)2)
It is also important to note that a shielding blanket of width WB covers this entire toroidal
surface.
Now that the geometry is defined, consider the toroidal magnetic field BO. It is generated
by current-carrying coils wrapped around the torus in the poloidal plane. We can calculate
its magnitude in the toroidal direction using a simple application of Ampere's law (with a
toroidal loop) to find that Bp has a 1/R (inverse major radius) dependence. Assuming that
Bp has some value BMAX on the coil, (see Section 4.2.1), BO(R) is
BO = (R aw BMAx (5)
In O-D analysis, this is the "averaged" BO. For simplicity, we will call it B.
A very important quantity is the safety factor q, which is a measure of how tightly wound
around the torus the magnetic field lines are. It is quantified as the inverse of the number of
poloidal revolutions per toroidal revolution (AO/2r)-1 that a magnetic field line makes [7,
286-8]. If q is low, the magnetic field is primarily poloidal and does not confine the plasma.
If q is high, the magnetic field is primarily toroidal and confines the plasma quite well. Thus,
q is a measure of how stable the plasma is against current-driven instabilities, and we prefer
it to be high. In 1-D or 2-D analysis, we would define q as a function of position within
the plasma as in Equation 6, where po and po are the poloidal and toroidal perimeters,
respectively [7, 286-8].
q = (B) po) (6)
In O-D analysis, q is constant and equal to q*, which in turn is equal to q(a) as long as
R/a is not too small [7, 387-8]. We can calculate Bo(a) with another simple application of
Ampere's law (this time with a poloidal loop) given that the total plasma current is Ip and
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the elliptical perimeter is again 27ra[(1 + K2 )/2]1 /2 . Equation 7 expresses B in Tesla and Ip
in MA, while all lengths are in meters.
- 7a1+K2 )1/2 
-r
(B 27ra___2 _ B ira2
q* = q(a) B ) [ ;2B - a (1 + 2) (7)
27r R poI p/ 27ra ( J-2 )1/2 poIp R
Given the total plasma current and the poloidal cross-section, the total density n of ions
is
n = ne = FG (8)Tra2
FG is the Greenwald fraction, the ratio of plasma density to the Greenwald empirical
density limit of Ip/(ra2), with Ip in MW and n in 1020/m 3 . FG can range from 0 to 1 and
sets a limit on the plasma density available without disruption [7, 499-500].
Power balance requires that the total power lost PLoss must equal the total power con-
sumed, which is the auxiliary heating power PAUX and the a-particle power P" [14, 10]. We
neglect radiative power in 0-D.
PAUX + Pa = PLOSS (9)
Since the a-particles are confined and eventually transfer all their energy to the plasma,
we can express Pa as the product of the a-particle energy Ea (J) and the reaction frequency
freac (s 1 ) [14, 10]. The density of each colliding particle is n/2, and the D-T reactivity rate
coefficient (m3/s) is (-v). Equation 10 expresses n in single particles per cubic meter and
Pa in watts.
2
Pa = Eafreac - (v)EaV (10)4
PLOSS represents the natural rate of internal energy loss in the plasma. The internal
energy of a plasma is 3nkT, where T is the temperature in Kelvin and k is the Boltzmann
constant. Te is the energy confinement time in seconds, the e-folding time of internal energy
(W) decay due to heat conduction [14, 10].
W _3nikT
PLOSS V (11)
Te Te
Then the explicit power balance is [14, 10]
n2 3nkT
PAUX + (ov)EaV = V (12)4 Te
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PAUX is the externally-applied power, and so the plasma must "ignite" and sustain itself
when PAux = 0. The ignition condition is thus [14, 10]
12kT
nT > E (13)
Q is the fusion power gain, the ratio of the total fusion power PF to the total externally-
applied power PAUx. It is important to note that PF is always five times greater than Pa,
because the energy released in each fusion reaction is five times the a-particle energy (see
Equation 1). Most of the fusion power does not contribute to heating, because the uncharged
product particles (neutrons) are not confined [14, 12].
PF 5 Pa (n 2 /4)(uv)(5Ea)VQ = = = (14)
PAUX PAUX PAUX
The fusion power per surface area PF/AS is another important quantity. The blanket
material will, after exhausting power for a long enough time, inevitably require replacement.
This puts a practical limit on PF/AS that the HYPERION team determined with economic
analysis. Thus, fusion power is a function of the reactor size only.
A useful scaling parameter is the enhancement factor H, which defines the tokamak
operating mode (L-mode or H-mode) and has been empirically determined as a function
of operating parameters. Equation 15 shows the 1989 scaling for H, which we will use
throughout this analysis [7, 509].
Te = (0.048)HRU I K,.8 6 0 M -a -3 B .2 n0 (FAUX pa-0.5  (15)
M is the average atomic mass of the plasma nuclei, which is 2.5 amu for D-T fusion.
Equation 15 expresses n in 1020/m 3 , M in amu, Ip in MA, R and a in meters, B in Tesla,
PAUX and Pa in MW, and Te in seconds.
In 0-D analysis, the volume-averaged pressure (MJ/m 3) is due to heating power. It is on
the order of a few bar.
2 (PAux 
- Pa)Te(p) g y(16)3 V
The normalized plasma pressure 3 is the ratio of the kinetic plasma pressure to the
magnetic pressure. It is a measure of how well the magnetic field confines the plasma and
thus how stable the plasma is. We can now calculate the toroidal and poloidal # values OT
and #p. We evaluate Bo(a) and Bo(a) as shown previously [7, 270].
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#T = (/) (17)B2/ 2lpo
(p) 47r2a2(a+i 2)(p)
BO(a)/ 2po PoI,
(19)
Another pressure parameter is #N, which has been found to be the most useful measure
of stability in tokamaks. #N is /T normalized with a ratio of the poloidal field to the toroidal
field at the outermost edge of the toroid, where the toroidal field is weakest. Even though
the toroidal field is uniform in 0-D analysis, #N is the most useful stability estimate.
pT(%) #T(%) a(p)
B(a)/B(a) poIp/aB - 50IpB
2.3.1 D-T Fusion Rate Coefficient
The D-T fusion reaction rate coefficient (ov) is a critical part of the 0-D model. It
depends only on T but has no simple analytic form. The NRL Plasma Formulary lists
empirical values of (ov) for values of T between 1 and 1000 keV [9]. We fit a logarithmic
polynomial to this data:
logo (-v) =- (log1 o T)5  (logio T)4  (logio T) 3  logio T 26.11 (21)16.61 1.78 0.64 0.19
(-v) is expressed in m3/s and T in keV. Figure 2 shows that this fit function and the
NRL data points are very consistent for 1 keV < T < 1000 keV.
2.3.2 Elongation VS. Aspect Ratio
To reduce the number of free parameters, it is useful to express the elongation r, in terms
of R/a by realizing that there is a maximum , that depends on R/a. When R/a is very large,
the tokamak can be treated like a cylindrical "screw pinch" with r, = 1. As R/a decreases,
the maximum allowed r, increases. Examining R/a and r for the C-Mod, the DIII-D, and
two NHTX tokamaks shows that an excellent model for the relationship is
K < 5.276 (-) (22)
We desire high K, because it yields high surface area and thus high fusion power without
affecting the density-current relationship (Equation 8). We will set K at this limit.
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Figure 2: A log-log plot of the D-T reactivity coefficient (-v) as a function of temperature
T. The polynomial fit function is shown in red, and the NRL data points are shown in blue.
This fit is valid for 1 keV < T < 1000 keV. Note that (ov) has an absolute maximum at 65
keV.
2.3.3 Current and Sustainment
The total plasma current Ip is a sum of three currents from three different sources.
(23)IP = ICD + Iboot + Iinduced
Iinduced is the current induced by the solenoid. ICD is the externally-driven current from
the complex processes of electron-cyclotron heating and optical steering, which we will not
describe in detail here [6]. We can express ICD quantitatively as PF/rR with a current-drive
efficiency ?7CD, which is approximately constant at 0.3 x 1020 A/Wm2 for temperatures above
20 keV [9] [12].
(24)ICD = ?CDPF
nR
Iboot is the "bootstrap current", which naturally arises from neoclassical transport through
density and temperature gradients [7, 478-97]. A common expression for the total Iboot is
1.5
10,O()(kV
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'boot = (!3N\ (12.5)cBsa2 B(1 + , (25)
b 100 (aR) 1/2
CBS iS a fitting constant, and we can assume it is approximately 0.8 in 0-D analysis [12] [7,
525-7). fCD = 'CD/IP and fboot = Iboot/IP are the current-drive and bootstrap fractions,
respectively. The non-inductive current fraction fNI (the fraction of current that is not
induced by the solenoid) is
'CD ± 'bootfNI = = fCD + fboot (26)
IP
When fNI is 1 or greater, the tokamak is "fully non-inductive" and "steady-state", be-
cause it can recharge the solenoid without ceasing operation. fNI > 1 is also called "over-
drive", and it is a primary design goal.
In order to externally drive current with electron-cyclotron heating, the electron-cyclotron
frequency wce absolutely must be greater than the electron plasma frequency wpe so that the
electron-cyclotron waves can propogate without interference [7, 586-9]. These two frequencies
are standard in basic plasma physics [3, 351].
Wpe = ( e 2 )1/2 (27)
Wce = (28)Me
Wce = - 28
(29)
The tokamak begins operating by "ramping up" induced current with the solenoid. For
this process to work, the solenoid flux swing A4,,, must be sufficiently larger than the
plasma flux '1 p. ITER studies suggest that A~b o0 /<br must be at least ~ 2 [4]. We can
simply express A~4bsoI as
ADso1 = (2BMAx)(2j) (30)
ro = R - a- wB - (0.5m) (31)6.2m
(32)
The maximum field within the solenoid is simply BMAX. The factor of 2 represents the
fact that the flux "swings" from -BMAX to +BMAX. The maximum solenoid radius is r,01
is the difference between R and the sum of a, the blanket width WB, and the coil thickness.
Given that the coil thickness for ITER (R = 6.2 m) is 0.5 m, we scale it up in proportion to
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R. Determining 41p requires deriving the toroidal inductance of the tokamak. The result is
approximately [4]
D = poRIp In (< + - (33)
1 (ra)1/2 2
Ensuring that wce/wpe > 1 and AzD4 0 l/p ~ 2 is essential.
2.4 L-mode and H-mode
L-mode and H-mode are two distinct operating modes of a tokamak plasma. They are
somewhat analogous to laminar and turbulent flow, respectively, in fluid dynamics. L-mode
is characterized by smooth temperature, density, and power profiles. It is predictable and
well-understood physically. At one time, it was the only known operating mode. As one
increases the auxiliary power PAUX in an L-mode tokamak plasma, a sudden transition occurs
in which the density profile becomes nearly flat throughout the plasma. The temperature
profile also flattens to a degree. The high edge density and edge temperature cause a high
edge pressure, called an "edge pedestal". This in turn slows energy loss through the plasma
surface, increasing the energy confinement time Te. These changes characterize H-mode,
a high confinement mode [7, 500-6]. The physical basis for H-mode and the sudden L-
H transition are not fully understood. The enhancement factor H (see Equation 15) was
developed in part to quantify the confinement mode. There are different scalings for H, but
we will always use the 1989 scaling. Figure 3 shows that H-mode is only possible for H
greater than approximately 1.5.
H-mode has natural advantages and disadvantages, and the choice of operating mode
depends on one's design priorities. Te is about twice as long in H-mode as in L-mode.
However, the H-mode "edge pedestal" can cause instabilities known as edge-localized modes
(ELMs). Though ELMs are the focus of a large portion of current plasma physics research,
it is still not possible to predict ELM behavior. Thus, ELMs pose significant challenges for
H-mode tokamaks [7, 504-6].
Since we intend to analyze large scale tokamaks, we can assume that re, which generally
increases with size, will be sufficiently large regardless of operational mode. With that
consideration off the table, we prefer L-mode in order to avoid the challenges of ELMs.
Thus, we will require H to be less than 1.5 throughout this analysis.
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Figure 3: The 1989 ITER scaling for H vs. radiative power fraction. There is a distinct
division between H-mode (ELM-free and ELMS) and L-mode at approximately H = 1.5.
Higher radiative power fractions tend to drive H-mode plasmas into L-mode [8].
3 A Large Scale Steady-State L-Mode Tokamak Fusion
Reactor
3.1 O-D Allowable Parameter Space
Now that we have formulated a feasible 0-D model, the first step in the analysis is to
determine which combinations of system parameters yield "allowable" plasma conditions
given our design specifications. It is most efficient to narrow down the parameter space in
this way before we do any optimization work. In order to avoid eliminating any potentially
favorable parameter space, we impose only the most essential constraints, Of course, all
physical parameters must be real and positive, and the other constraints are:
* T > 10 keV is necessary to achieve a sufficient D-T fusion rate coefficient (see Figure
2).
* q* > 2 is necessary to ensure confinement and prevent current-driven instabilities. The
toroidal field must be sufficiently large relative to the poloidal field [7, 395].
* #3N < 3 is the,@ "no-wall" Troyon stability limit that applies when no conducting wall
is present near the plasma [7, 397-8].
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* H < 1.5 is necessary to operate in L-mode and thus avoid instabilities and other
complications associated with H-mode (see Section 2.4) [8].
To determine a preliminary allowable space, we first assume many parameters to have
values consistent with existing tokamaks. We will hold these values constant throughout the
O-D allowable parameter space analysis.
* BMAX = 13 T is the peak on-coil magnetic field possible with niobium-tin supercon-
ductors (see Section 4.2.1) [11] [7, 89].
* WB 1 m is necessary to stop all 14.1 MeV neutrons from D-T fusion reactions [7,
92-6].
" PF/S = 5 MW/m2 is a reasonable limit for the blanket material (see Section 4.2.2) [13] [12].
Given these constants, we can manipulate the equations in Section 2.3 to write all system
parameters as some function f of five parameters: R, q*, FG, R/a, and Q.
[R, Ip, n, B, PF, ON, H] = f(R, q*, FG, R/a, Q) (34)
If R and R/a are known, then all the tokamak geometry is known (Equations 2-4 and
22). If q* is known, then the plasma current is known (Equation 7). Then if FG is known,
the density is known (Equation 8). If PF/AS and Q are known, then all terms of the power
balance are known (Equation 9). Given the scaling for H and the relationship between (o-v)
and T, all other parameters can be known.
This analysis will determine which parameter "spaces" in the 5-D parameters space
[R,q*,FG,R/a,Q] meet our constraints.
3.1.1 Allowable [R,q*,FG] Space
To begin, we examine just the 3-D parameter space [R,q*,FG] for R/a and Q fixed:
* R/a = 3 is close to ITER (3.1) and Alcator C-Mod (3.05) [11].
* Q = 40 is typical for fusion reactor designs so that Q >> 5.
Now we can write
[R,Ip,n, B, PF,ON, H] = f(R,q*, FG) (35)
So we can define every property of the plasma throughout the parameter space [Rq*,FG]
by some function f. The following contour plots show Ip, n, T, #N, and H in the [R,q*]
plane at a fixed FG value of 0.9.
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Due to a fixed BMAX, B depends only on R and asymptotically approaches (1 a/R)BMAX
(see Equation 5). Due to fixed PF/AS and Ra, PF also depends only on R and increases
as R2.
Figure 4 shows Ip(R,q*) for fixed FG. It is roughly proportional to R (note the R
dependence of B) and exactly inversely proportional to q* (see Equation 7).
Figure 5 shows n(R,q*) for fixed FG. Given that n ~ Ip/fR2 (see Equation 8), n has the
same inverse q* dependence as Ip. However, its R dependence is roughly ~1/R.
Figure 6 shows volume-averaged T(R,q*) for fixed FG. Many areas in [R,q*] space require
a reactivity rate coefficient (-v) that is unphysically large, meaning that it is greater than
the maximum shown in Figure 2. Thus, there is no solution for T, and the reactor is not
viable. These unphysical areas occupy the high R and high q* space. At the boundary of
this area, R(q*/B) 2 is constant. Furthermore, since B is constant at large R, we can say
that Rq* 2 is approximately constant at the boundary for large R. This shows that when we
consider only reactivity, the maximum possible q* decreases as ~R-
Figures 7 and 8 show #N(R,q*) and H(R,q*), respectively. They exhibit complex behavior
but have approximately the same form as each other. At a fixed q*, both #N(R) and H(R)
decrease rapidly for R < 10 meters. This means that confinement improves significantly
with reactor size when R is less than about 10 meters, allowing large reactors to operate in
L-mode.
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Ip(R,q*) [MA] for Fr = 0.9
R [m]
Figure 4: The plasma current Ip in the [R,q*] plane. It is inversely proportional to q* and
roughly proportional to R.
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n(R,q*) [102/m 3j for F, = 0.9
20 25 30
R [in]
Figure 5: The total ion density n in the
roughly inversely proportional to R.
[R,q*] plane. It is inversely proportional to q* and
m0
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T(R,q*) [keV] for FG - 0.9
R [m]
Figure 6: The temperature T in the [R,q*] plane. Many combinations of R and q* in this
space require a D-T cross-section (av) that is larger than the maximum possible (ov) (see
Figure 2), meaning that those values of R and q* are not feasible. In such cases, T has no
solution and is set to zero. The large dark blue area represents the unphysical areas, and
the thick dark line represents the boundary between the physical and unphysical areas.
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pN(R,q*) for FG = 0.9
R [m]
20 25 30
Figure 7: #N in the [R,q*] plane. The unphysical areas in which T has no solution are also
represented here by dark blue, as 3 N requires a solution for T. Again, the thick dark line
represents the boundary between the physical and unphysical areas.
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H(R,q*) for FG = 0.9
R [m]
Figure 8: #N in the [R,q*] plane. The unphysical areas in which T has no solution are also
represented here by dark blue, as #N requires a solution for T. Again, the thick dark line
represents the boundary between the physical and unphysical areas.
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Now it is simple, given the constraints in Section 3.1 (H < 1.5 for L-mode and ON < 3 for
the "no-wall" limit), to determine what subspace of [R,q*, FG] is allowable. The following
plots show cross-sections of this allowable subspace in the [R,q*], [R,FG], and [q*,FG] planes.
Figure 9 shows the allowable subspace (red) in the [R,q*] plane for FG fixed at 0.9. The
maximum allowable q* as a function of R has a broad maximum between 10 and 15 meters.
The allowable area is limited by unphysical reactivity at high R and by confinement (high
#N and high H) at low R. This is a critical result, because it means that to achieve a certain
level of stability (a certain q* value), we must design the tokamak within a finite range of
major radii. It also shows that only large tokamaks (R ~ 10 meters) can operate in L-mode
with high q*. Tokamaks the size of ITER (6.2 meters) or smaller are forced to operate in
H-mode in order to achieve high q*.
There is a crucial advantage associated with this result. To achieve maximum q*, the
operating point should be located at the peak shown in Figure 9 (approximately R = 13
m and q* = 3). Referring back to Figure 6, such an operation point is located near the
boundary of the unphysical region, near where T quickly becomes large. This means that it
is also located not too far below the maximum reactivity coefficient shown in Figure 2. If T
were to suddenly increase, the reactivity would only increase slightly before decreasing. The
tokamak would then have a negative reactivity coefficient and naturally return to a lower T.
Thus, the tokamak is intrinsically stable with respect to temperature instabilities.
Figure 10 shows a similar allowable parameter space in the [R,FG] plane for q* fixed at
2.5. It shows that as FG increases, the finite range of allowable R increases in width. Figure
11 shows the allowable parameter space in the [q*,FG] plane for R fixed at 13 m, which is
the approximate location of the q* maximum in Figure 9. It shows that the height of this
q* maximum increases with FG. Thus, as FG increases, both the width and height of the q*
maximum also increase. Indeed, the curve in Figure 9 shifts upward as FG increases. This
is in part because n2 (Uv) is constant for fixed size, and so reactivity must decrease as the
Greenwald fraction and density increase.
The rate at which this upward shift occurs is revealed in Figure 12, which shows the height
of the q* maximum as a function of FG. One can see that q* is 3 when FG is 0.9, which is
consistent with Figure 9. The relationship is linear, meaning that the highest allowable q*
is proportional to FG. Thus, we prefer to operate near the Greenwald limit (FG < 1) and
will choose FG = 0.9.
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Figure 9: Areas in the [R,q*] plane that satisfy (red) and do not satisfy (blue) the parameter
constraints. This shows that R between 10 and 15 meters will yield a maximal q*.
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Allowable areas in [R,FG plane for q* = 2.5
unphysical reactivity
high pN
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Figure 10: Areas in the [R,FG] plane that satisfy (red) and do not satisfy (blue) the parameter
constraints. This shows that a high FG requires an R between 10 and 15 meters.
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Allowable areas in [q*,Fd plane for R = 13 m
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q*
Figure 11: Areas in the [FG,q*] plane that satisfy (red) and do not satisfy (blue) the param-
eters constraints. This shows that a high q* can only be achieved with a high FG.
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Maximum q* In [R,q* plane as a function of F.
0.75
F0
Figure 12: The maximum value of q* (at whichever R that maximum occurs) as a function
of FG. The relationship is roughly linear.
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From this [R,q*,FG] space analysis, it is clear that we prefer high FG in order to achieve
high q*. From this point forward, we will assume FG = 0.9. It is also clear that R should lie
in or near the range of 10 to 15 meters to maximize q*, though other performance factors
will determine a more precise R.
3.1.2 Allowable [R,q*,R/a] Space
Throughout Section 3.1.1, we held R/a constant at 3. Now that as FG is fixed at 0.9, we
will vary R/a and repeat the same analysis. We can write
[R, Ip, n, B, PF, ON, H] = f(R, q*, R/a) (36)
So every property of the plasma is defined throughout the parameter space [R,q*,R/a]
by some new function f.
Figure 13 shows the allowable parameter space in the [R,q*] plane for three different
values of R/a. Clearly, the same broad q* maximum appears between 10 and 15 meters.
R/a changes the height and width of this maximum in the same way that FG does. This
time, however, the maximum q* decreases as R/a increases.
To see the exact form of this relationship, Figure 14 shows the maximum q* as a function
of R/a in the same way that Figure 12 shows the maximum q* as a function of FG. This
time, the relationship is not linear but closer to -(R/a)-. In large part, this is due to the
~(R/a)- 1 dependence of the elongation &. Smaller R/a and larger r. imply larger surface
area, larger fusion power, and a larger volume to surface area ratio, which prevent the need
for a high (ov). So clearly, in the interest of stability, we desire a low R/a. However, since
R/a affects much more than just stability, choosing a precise R/a requires sustainability
analysis.
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Allowable areas In Ra*] Diane for R/a =2.5.3.3.5
13
3 3.5
q*
Figure 13: Areas in the [R,q*] plane that satisfy the parameter constraints for R/a values of
2.5, 3, and 3.5. The R-location of the q* maximum is independent of R/a, and the maximum
q* increases dramatically as R/a decreases.
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E
E
E
Maximum q* in IR,q*l plane as a function of Rim
Figure 14: The maximum value of q* (at whichever R that maximum occurs) as a function
of R/a. The relationship is roughly of the form -(R/a)-1 .
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Figure 15 shows the allowable parameter space in the [R,R/a] plane for three different
values of q*. It confirms Figures 13 and 14 in that low R/a is necessary to achieve high q*.
To be complete, Figure 16 shows the allowable parameter space in the [q*,R/a] plane for
a single fixed R value of 12 meters. It confirms that the allowable space shrinks when either
q* or R/a increases.
Allowable areas In ER,R/al plane for q* =3,4, 5
14
'' q* =5 q* =4 q* 3
12!
10
9
8 1.5 2 2.5 3 3.54
R/a
Figure 15: Areas in the [R,R/a] plane that satisfy the parameter constraints for q* values of
3, 4, and 5. This confirms Figure 13 by showing that higher q* values can only be achieved
at lower R/a values.
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Allowable areas In [R/a,q*] plane for R = 12 m
3.5
Figure 16: Areas in the [q*,R/a] plane that satisfy
meters (near the q* maximum). This confirms that
as either q* or R/a increases.
the parameter constraints for R = 12
the allowable parameter space shrinks
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From this [R,q*,R/a] space analysis, it is clear that varying R/a does not significantly
affect the key findings of the previous [R,q*,FG] space analysis. It is also clear that an R/a
lower than 3 (our starting point) is favorable.
3.1.3 Allowable [R,q*,R/a,Q] Space
As a final check of the parameters space, it is prudent to test the sensitivity of the
allowable areas to changes in the gain Q. We perform a 4-D analysis in [R,q*,R/a,Q] space
in order to determine how changes in Q affect the [R,q*], [R,R/a] and [q*,R/a] planes shown
previously in Figures 13, 15, and 16.
[R, Ip, n, B, PF, 3N, H] = f(R, q*, R/a, Q) (37)
Examination of the [q*,Q] and [R/a,Q] planes show that Q has no effect on the allowable
ranges of q* or R/a when other parameters are held constant. However, examination of the
[R,Q] plane shows that Q does have a marginal effect on the allowable range of R. Figure
17 shows that for q* and R/a both fixed at 3, the range of allowable R (the width of the
maximum shown in Figure 9) decreases as Q increases. Nevertheless, this increase is slight
as long as Q much greater than 5 so that the ratio of total heating power to fusion power
(1/5 + 1/Q) changes little with Q. We can conclude that Q is not an important contributor
to allowable parameter space. However, Q is very important in the minimum scale analysis
(see Section 4.4).
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Allowable areas In [R,01 plane for q* =3 and R/a =3
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Figure 17: Areas in the [R,Q] plane that satisfy the parameter constraints for q* and R/a
values of 3. This shows that the width of the broad q* maximum (see Figure 9) decreases
slightly as Q increases. This is also a more intuitive way to show that R is limited by
confinement on the low end and by reactivity on the high end.
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3.2 A Plausible Operating Point
This 0-D allowable parameter space analysis shows that there is a finite range of major
radii (approximately 9-15 m) limited by confinement at small R and by reactivity at large
R. The highest allowable q* has a broad maximum in this range centered around R = 12 m
and is generally greater than 3. A high FG of 0.9 and a low R/a < 3 are highly favorable.
Other members of the HYPERION team performed sustainability and economic opti-
mizations in order to choose a precise operating point within this favorable parameter space.
Table 1 shows a complete list of parameters for this operating point [4]. R is 14 m, which is
far larger than any previous tokamak design. PF is also rather enormous at 33.7 GWth. q* is
3.2, well above the limit of 2. fNI exceeds 1, showing that the tokamak is fully non-inductive
and steady-state. !N is well below the Troyon limit of 3. H is 1.2, far from H-mode. Wec/wep
is much greater than 1 so that ECCH is viable. Evidently, large size enables us to comfortably
avoid all operational limits while remaining in a fully non-inductive L-mode state.
Table 1: Large Scale Operating Point Parameters
R= 14 m PF =33.7 GW
R/a = 2.6 PAUX = 840 MW
r = 2.06 H =1.21
BMAX = 13 T Te 2 .7 s
B = 7.1 T T = 43.8 keV
Q = 40 ON = 2.69
PF/AS = 7 MW/im2  wee! wep = 2.87
q* = 3.2 A4)o0 /Gr = 1.68
IP = 59.9 MA fboot = 0.55
n = 0.59 102 0/m 3  fCD = 0.51
FG = 0.9 fNI = 1.06
The sustainability analysis concluded that R/a should not be less than approximately
2.6 in order to keep the flux ratio A1 8 01/1Dp - 2. Here A4 0 1/4p = 1.68 is sufficient, though
it would not be prudent to design a A(D 01/1?p much lower. Sustainability also played an
important role in the choice of R = 14 m. Figure 18 shows fNI in the [R,q*] plane for R/a
= 2.6 and all other parameters consistent with Table 1. The operating point is marked with
the red circle. The maximum fNI occurs at approximately R = 14 m.
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fNI for allowable areas in [R,q*]plane
R [iM]
Figure 18: fNI for areas in the [R,q*] plane that satisfy the parameter constraints. Here
R/a = 2.6, Q = 40, PF/As = 7 MW/m 2 , and Fa = 0.9. At R = 14 m, we can maximize
q* at 3.2 and achieve fully non-inductive operation with fNI = 1.06. This is the final large
scale operating point (marked with the red circle).
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The economic analysis showed that a very high PF/AS of 7 MW/m 2 is favorable, which
is obvious since PF/AS defines how much power output is possible given a certain reactor
size [4]. Though it is questionable whether such a high PF/AS is currently possible, we can
say that it should be as high as possible. The economic analysis also showed that this 33.7
GWth reactor could produce hydrogen at a $12 per GJ. The "usable" energy transportation
cost would be ~ $35 per GJ (in a hydrogen fuel cell) compared with ~ $73 per GJ for
gasoline (in an internal combustion engine - fall 2008 prices) [4].
3.3 1-D Fusion Power and Current Profiles
The HYPERION team also performed 1-D profile analysis to ensure the viability of the
0-D operating point [4]. This analysis is detailed in the HYPERION report, but there is one
crucial result worth showing here. Referring back to Figure 2, the D-T fusion rate coefficient
(0v) has an absolute maximum at approximately 65 keV. Our 0-D temperature of 44 keV is
near this maximum. Furthermore, since this is a volume-averged temperature, the maximum
temperature in the plasma center actually reaches nearly 100 keV. Figure 19 shows the 1-D
profile of (ov) as a function of minor radius. In the plasma center (r < a/2), the temperature
exceeds 65 keV such that the (ov) profile is quite flat and even slightly hollow. Thus,
reactivity is fairly constant throughout most of the plasma volume. This provides inherent
stability, as any sudden increase in temperature will result in a corresponding decrease in
reactivity (a negative reactivity coefficient).
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1-D Reactivity Rate Coefficient Profile
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Figure 19: The D-T fusion reactivity rate coefficient (-v) as a function of minor radius r for
the HYPERION operating point [4]. Due to the high volume-averaged temperature of of 44
keV, most of the plasma volume is at or near the physical maximum of (av), which occurs
at approximately 65 keV. See Figure 2 for (ov)(T).
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3.4 Operating Point Access
Now that we have an operating point for HYPERION (see Table 1), we must be sure
that we can access it. There must be an executable path to our operating density n and
temperature T, which are 44 keV and 6 x 1019 m-3. Figure 20 shows the required auxiliary
power PAUx in the [n,T] plane. PAux is 850 MW for our operating point. Note that it is
impossible to reach the operating point without entering a PAux < 0 zone. We can start by
adding a small amount of power and increasing the density to slightly less than that of our
operating point (6 x 1019 m-3). Then we can apply the ~ 50 MW necessary for ignition
and enter the PAux < 0 zone. Here the a-particle heating exceeds the rate that energy
diffuses out of the plasma. Thus, the internal energy will increase. If the density is kept
fixed, this will increase the temperature, driving the plasma further into the PAUx < 0 zone
to lower PAux contours. PAUX reaches a minimum at approximately 25 keV. Eventually,
the plasma will be driven fully across this zone, at which point we can raise PAUX to achieve
our operating point.
This operating point is stable. If the temperature were to decrease, the required auxiliary
power would also decrease, causing the plasma to heat up and regain its original temperature.
If the temperature were to increase, the required auxiliary power would also increase, causing
the plasma to cool down and regain its original temperature. Given that we can directly
control density, the operating point is quite secure.
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Figure 20: Auxiliary power (PAux) as a function of density n and temperature T for HYPE-
RION. The operating point (n = 5.9 x 1020 m- 3, T = 43 keV, PAux = 843 MW) is marked
with a red circle. The thick blue contour lines show when PAUx is zero and when PAUX is
consistent with the operating point. The red arrows show the ignition path. The conspicuous
blotches were generated by our code and are not physical. Each contour represents 100 MW.
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3.5 Large Scale Conclusions
HYPERION may be the most sustainable and economically efficient tokamak possible,
and it clearly demonstrates that large scale (to a point) has highly favorable physics and
economic advantages. It is a clean energy source and can fuel transportation systems at half
the cost of gasoline. Of course, improvements could still be made by adjusting parameters
such as R/a, BMAX, PF/AS, or Q, but the general scale and design are optimal. That
HYPERION can operate in steady-state in L-mode is a remarkable discovery. HYPERION
is a truly marvelous device, worthy of its name. In his famed poem "Hyperion", John
Keats described the Titan Hyperion's "lucent empire" as "the blaze, the splendor, and the
symmetry." [4] HYPERION has approximately the same diameter as the Great Dome at
MIT.
4 A Minimum Scale Steady-State L-Mode Tokamak
Fusion Reactor
While HYPERION is a marvelous device, its unprecedented scale and potentially pro-
hibitive capital cost (o $50 billion) present significant problems in terms of perception and
engineering uncertainty [4]. Before investing such enormous capital, we would need to demon-
strate the engineering reality of a fully non-inductive L-mode tokamak with a smaller "pilot
plant". Along with the HYPERION report, we proposed a ~ 9 m and ~ 9 GWt, plant for
this purpose. However, this 9 m device was merely an afterthought and did not involve any
true optimization.
In this section, we perform extensive analysis to minimize R while maintaining fully
non-inductive operation in L-mode in order to determine a more favorable "pilot plant"
operating point. We keep the choice of FG = 0.9 from HYPERION but revisit all other design
parameters. Since the purpose of this device is to demonstrate the viability of HYPERION
on a minimum scale, We ignore economic considerations. Of course, minimum R will likely
correspond to an approximate minimum capital cost.
4.1 Minimum Scale Defined
Figure 21 shows fNI in the [R,q*] plane for the HYPERION operating parameters listed
in Table 1. The fully non-inductive (fNI > 1) region is outlined in white. There is clearly a
minimum fully non-inductive R at approximately 9 m. This R is exactly the "minimum R"
we minimize in this analysis.
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Figure 21: fNI for areas in the [R,q*] plane that satisfy the parameter constraints. The
parameters are those of the large scale operating point: R/a = 2.6, Q = 40 and PF/AS =
5 MW/m 2 . The fully non-inductive (fNI > 1) region is outlined in white. In this case, the
minimum R for fully non-inductive L-mode operation is slightly less than 9 m.
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4.2 Technology Limits
4.2.1 Maximum On-Coil Magnetic Field BMAX
For HYPERION, BMAX is 13 T, the approximate maximum on-coil field for niobium-tin
(Nb 3Sn) superconductors in ITER [11] [7, 89]. It is difficult to achieve fields higher than
this with conventional superconductors (critical temperatures T0 < 20 K). This is because
a certain magnetic field strength can "quench" superconductivity at a certain temperature
below Tc. This certain magnetic field strength is proportional to [1 - T/Tc]2 so that the
further a superconductor is cooled below Tc, the higher magnetic field it can withstand while
remaining superconducting [16]. Of course, material stress also poses significant limitations.
High-temperature superconductors (HTS), usually cuprate (containing copper oxide), often
have Tc values much higher than 20 K. Yttrium barium copper oxide (YBa 2Cu 30 7), often
abbreviated YBCO, has Tc ~ 90 K [16]. By cooling YBCO to T < 10 K, we can produce
significantly higher fields [1] [5]. Considering material stress limitations and economic factors,
HTS tokamak studies have shown that the highest sensible field strength is approximately
16 T [1].
Figure 22 shows the effect of varying BMAX on the minimum R. This shows the familiar
allowable area in the [R,q*] plane for three different values of BMAX. The fully non-inductive
area (fNI > 1) is outlined in white. As BMAX increases, the allowable area in the [R,q*]
plane moves to higher q*, and the minimum fully non-inductive R decreases. This is intuitive,
because higher magnetic fields increase plasma current and thus (indirectly) confinement,
allowing the tokamak to be smaller without losing energy too quickly. Given a fixed point
in the [R,q*] plane, a higher magnetic field requires a higher plasma current, which in turn
requires a higher density and a lower temperature.
Figure 23 shows this minimum R as a function of BMAX. It decreases rapidly for BMAX
< 14 T but more gradually at higher BMAX. Consequently, it is important to ensure that
BMAX > 14 T by using HTS technology. Beyond that point, higher BMAX is certainly
favorable but not essential. However, since we are minimizing R, we will choose BMAX = 16
T consistent with the HTS tokamak studies. We will assume this choice for the remainder
of this thesis.
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Figure 22: Areas in the [R,q*] plane that satisfy the parameter constraints for maximum on-
coil magnetic field BMAX values of 13, 14.5, and 16 T. Here R/a = 2.6, PF/AS = 7 MW/m 2,
and Q = 40. As BMAX increases, the highest available q* increases while the minimum (fully
non-inductive) R decreases. Consequently, we prefer higher BMAX.
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Minimum R In [R,q*] plane 1r f NI >1 as a function of B MAX
BMAX [T]
Figure 23: The minimum R in the [R,q*] for fully non-inductive L-mode operation as a
function of BMAX. The minimum R decreases dramatically for BMAX < 14 T but only
marginally for BMAX > 14 T. The parameters here are the same as those in Figure 22.
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4.2.2 Blanket Fusion Power Density PF/AS
For HYPERION, PF/AS is 7 MW/m 2 , which resulted primarily from economic analy-
sis [4]. While 7 MW/m 2 may certainly be possible, ARIES-AT blanket performance studies
have shown maximum power loading of only 4.8 MW/m 2 on a silicon carbide (SiC) blan-
ket [13]. Given this, it would not be prudent to let PF/AS exceed ~ 5 MW/m 2 [12].
Figure 24 shows the effect of varying PF/AS on the minimum R. The allowable area in
the [R,q*] plane shifts to lower q* when PF/AS increases from 5 MW/m 2 to 7 MW/m 2 . This
is intuitive, because given constant geometry and constant (av), increasing power requires
increasing density, which in turn requires increasing plasma current and decreasing q*. The
interesting thing here is that while the allowable area shifts to lower q* for increasing PF/AS,
the minimum R decreases.
Allowable areas in [R,q'] plane for P F /AS = 5, 7 MW/m 2
R [m]
Figure 24: Areas in the [R,q*] plane that satisfy the parameter constraints for fusion power
per surface area PF/AS values of 5 and 7 MW/m 2 . Here R/a = 2.6, BMAX = 16 T, and
Q = 40. As PF/AS increases, the highest available q* decreases while the minimum (fully
non-inductive) R also decreases. Consequently, we prefer higher PF/AS.
Figure 25 shows this decrease in minimum R as a function of PF/AS. The relationship
is somewhat linear, and thus higher PF/AS is obviously favorable. However, given the
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uncertainty of whether PF/AS > 5 MW/m 2 is practically workable, we will choose PF/AS
= 5 MW/m 2 . We will assume this choice for the remainder of this thesis.
It is interesting to examine the relationship between PF/As and the total fusion power
PF at minimum scale. Equations 4 and 22 show that PF oc R2 (PFI/S) at fixed R/a, and
Figure 25 shows that R decreases linearly with PF/AS. Therefore, PF does not necessarily
increase with PF/AS. It may in fact decrease, a counterintuitive result.
Minimum R In [R,q*] plane for f NI > 1 as a function of P FIA
Figure 25: The minimum R in the [R,q*] for fully non-inductive L-mode operation as a
function of PF/AS. The minimum R decreases fairly linearly with PF/AS. The parameters
here are the same as those in Figure 24.
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4.3 Aspect Ratio R/a Considerations
For HYPERION, R/a is 2.6. We made this choice based on the requirement that
AMSO/J@p be at least in the vicinity of 2 [4]. As R/a decreases given a fixed R, the solenoid
area becomes too small to generate a sufficient flux swing AM oa. The only hard limit on
R/a is of course that it must exceed 1, though the solenoid may require a more complex
model for R/a ~ 2.
Figure 26 shows the effect of varying R/a on the minimum R. The allowable area in the
[R,q*] plane shifts to higher q* when R/a decreases, which we have already shown in Figure
13. Now we also show that the minimum R decreases as R/a decreases. This is intuitive,
because tokamaks with smaller R/a have higher densities (and lower temperatures) due to
larger rt.
Allowable areas In [R,q*] plane for R/a = 2.3, 2.6, 2.9
Cr4.5
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Figure 26: Areas in the [R,q*] plane that satisfy the parameter constraints for aspect ratio
R/a values of 2.3, 2.6, and 2.9. Here BMAX = 16 T, PF/AS = 5 MW/m 2 , and Q = 40.The
allowable area is especially sensitive to R/a. As R/a increases, the highest available q*
decreases while the minimum (fully non-inductive) R increases. Consequently, we prefer
lower R/a.
Figure 27 shows minimum R as a function of R/a. Minimum R increases more rapidly
with R/a at large R/a > 2.8. Note that for ITER (R/a = 3.1), the minimum R is over 12
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m. The HYPERION choice of R/a = 2.6 avoids the high-slope region, though lowering R/a
below 2.6 could still certainly provide a modest decrease in minimum R.
To make any choice for R/a, we must consider flux. Figure 28 shows AIso01/ 1 p as a
function of R/a evaluated at the minimum R for that R/a. AZM8 1/1 p is always well above
2, so flux imposes no limits on R/a.
All this suggests that we should dramatically lower R/a. However, our O-D core model
is based on the geometry and physics of a standard tokamak, not a spherical tokamak. In
particular, our model of the blanket (WB = 1 m) and solenoid may not be accurate for R/a
~ 2. Also, as R/a becomes low, the poloidal cross-section must be less elliptical and more
D-shaped. These uncertainties, coupled with the fact that minimum R has a much less
significant dependence on R/a below 2.6 than above 2.6 (see Figure 27), make it reasonable
to keep R/a fixed at 2.6. Also, since this minimum scale reactor is meant to demonstrate
the viability of HYPERION, it makes sense to at least keep the geometry consistent. We
will choose R/a = 2.6 but emphasize the subjectivity of this choice.
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Minimum R in [R,q*] plane for f NI >1 as a function of Ala
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Figure 27: The minimum R in the [R,q*] plane for fully non-inductive L-mode operation as
a function of R/a. The minimum R increases with R/a very rapidly for R/a > 3 but much
less rapidly for lower R/a. The parameters here are the same as those in Figure 26.
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A0e 10e at minimum R as a function of R/a
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Figure 28: A 8O/4 p at the
function of R/a. A4,so,/Ip is
Figures 26 and 27.
minimum fully non-inductive R (shown in Figure 27) as a
well above 2. The parameters here are the same as those in
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4.4 A "Reactor" Defined
So far, we have assumed Q = 40 to ensure that the tokamak is a "reactor". However,
there is really no precise definition of a reactor in terms of tokamaks. While Q = 40 is
definitely a reactor and Q = 5 is definitely not a reactor, there is certainly no threshold
Q at which a tokamak suddenly transitions into "reactor mode" as it does into L-mode or
H-mode. Thus, we investigate possible benefits of changing Q.
As Q increases, the L-mode allowable area in the [R,q*] plane shrinks, eventually ex-
cluding all fully non-inductive areas. Thus, there is a maximum Q for fully non-inductive
L-mode operation. Figure 29 shows this maximum Q (at any q*) as a function of R. Q
increases fairly linearly for R < 10 m but then levels off at ~ 70 for R > 13 m. This plot
can be read two ways: as a maximum Q corresponding to a certain R or as a minimum R
corresponding to a certain Q. We are interested in the latter interpretation, though the two
are equivalent. At Q = 40, the minimum R is approximately 8.5 m. Lowering Q improves
the minimum R by approximately 0.1 m per unit Q.
The question is by how much to lower Q. The answer is somewhat arbitary, but for the
purpose of determining a precise operating point, we choose to decrease Q to 30 so that
the minimum R is approximately 7.5 m. This improves the minimum R by ~ 1 m while
maintaining "reactor" status.
Figure 30 shows the same relationship as in Figure 29 for the ITER R/a of 3.1. The
maximum Q at the ITER R of 6.2 m is 12.5. Since ITER is designed for Q ~ 10, this shows
that ITER could potentially operate in fully non-inductive L-mode given BMAX ~ 16 T and
PF/AS ~ 5 MW/m 2 .
Figure 31 shows minimum R as a function of R/a for Q = 30 and 40. The Q = 40 curve
is the same as in Figure 27. The Q = 30 curve has significantly smaller slopes than the Q =
40 curve, making the choice of R/a less important. Figure 31 also clearly shows the ~ 1 m
improvement in minimum R at R/a = 2.6.
It is important to emphasize the reality that choices of R/a and Q are very subjective.
Figure 32 shows minimum R at low R/a and low Q. The resolution here is low, and our
0-D core model might be somewhat inaccurate at R/a ~ 2. However, we mean Figure 32 to
simply show that my conservative choices of R/a = 2.6 and Q = 30 may overestimate the
true miniumum R.
A Steady-State L-Mode Tokamak Fusion Reactor
Maximum Q In [Q,q*l plane for f NI >1 as a function of R
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R [m]
Figure 29: The maximum Q in the
as a function of R. The relationshp
minimum R is approximately 8.5 m.
Here R/a = 2.6.
[Q,q*] plane for fully non-inductive L-mode operation
is fairly linear for 5 m < R < 10 m. At Q = 40, the
At Q = 30, the minimum R is approximately 7.5 m.
. ..... .... ...... ...
301-............
..... . . .. . . . . . . . . . . . . .. . . . . . . . . . . . . .
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Maximum Q In [Q,q*]plane for f NI >1 as a function of R
(ITE R geometry)
R [m]
Figure 30: The maximum Q in the [Q,q*] plane for fully non-inductive L-mode operation as
a function of R for the ITER aspect ratio of 3.1. At the ITER major radius of 6.2 m, the
maximum Q is 12.5. ITER is designed for Q ~ 10.
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Minimum R in [R,q] plane for f NI >1 as a function of Rla
RJa
Figure 31: The minimum R in the [R,q*] plane for fully non-inductive L-mode operation as
a function of R/a for Q values of 30 and 40. At R/a = 2.6, lowering Q from 40 to 30 allows
R to decrease by more than 1 m.
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Minimum R in IR,q*] plane for f NI > 1 as a function of Ala and 0
Rla
Figure 32: The minimum R in the [R/a,q*] plane for fully non-inductive L-mode operation
as a function of R/a and Q. This low-resolution [R/a,Q] plane shows that the minimum R
continues to predictably decrease with both R/a and Q for R/a < 2.6 and Q < 40. The
choice of a precise operating point in this plane is subjective.
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4.5 A Plausible Minimum Scale Operating Point
Now that we have chosen BMAX = 16 T, PF/AS = 5 MW/rn 2, R/a = 2.6, and Q =
30, we can completely define a minimum scale operating point. Figure 33 shows fNI in the
familiar allowable areas of the [R,q*] plane at the parameters we have chosen. The fully
non-inductive area (fNI > 1) is outlined in white. The minimum fully non-inductive L-mode
R of 7.5 m is marked with the red circle. This is nearly a 50% reduction from HYPERION
and only 20% larger than ITER. q* is 4.23, so the plasma is very "safe" from current-driven
instabilities. fNI is, of course, very slightly above 1.
Table 2 shows a complete list of minimum scale operating parameters. PF is 6.9 GW,
which is quite large but still 80% less than that for HYPERION. 3N is 2.27, far below the
Troyon limit of 3. H is 1.48, near the L-H transition of 1.5. However, we will show in Section
4.6 that the reactor can be kept in L-mode. Da(s/Dp is comfortably above 2. Wec/wep is
much greater than 1. n is 50% higher than in HYPERION, while Ip is over 50% lower. T
is 21.7 keV, about half that of HYPERION. With the exception of H, this minimum scale
reactor is even further from operational limits than HYPERION.
Table 2: Minimum Scale Operating Point Parameters
R = 7.5 m PF =6.9 GW
R/a = 2.6 PAUX = 230 MW
n = 2.06 H =1.48
BMAX =16 T re 1.5 s
B = 7.7 T T = 21.7 keV
Q = 30 ON= 2-27
PF/AS = 5 MW/m 2  Wec/Wep = 2.52
q* = 4.23 A1Sor/4,p = 2.25
Ip = 26.5 MA fboot = 0.62
n = 0.91 1020/m 3  fCD = 0.38
FG = 0.9 fNI = 1.00
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fNI for allowable areas in {R,q*] plane
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Figure 33: fNI for areas in the [R,q*] plane that satisfy the parameter constraints for Q = 30
and R/a = 2.6. The full non-inductive (fNI > 1) region is outlined in white. The minimum
R operating point (marked with the red circle) is R = 7.5 m and q* = 4.23. At this point,
fNI just slightly exceeds 1.
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4.6 1-D Fusion Power and Current Profiles
To ensure the viability of this minimum scale 0-D operating point, we perform 1-D profile
analysis similar to that performed on the HYPERION operating point. We can express
density and temperature profiles as parabolas raised to some power a plus a constant edge
value [4]. Equation 35 expresses this in terms of a generic profile X(r), which could be either
density or temperature. Note that X(a) = Xedge and X(0) = XO + Xedge.
X(r) = Xo 1 - () + Xege (38)
In the case of density, we assume a = 0.5 and an edge value of nedge = 0.25(n(r)), where
0.25 is called the density offset fraction and (n(r)) is the volume-averaged 0-D density [4].
Figure 34 shows the n(r) profile, normalized so that (n(r)) = no-D-
In the case of temperature, we assume a = 1.25 and a small edge value of Tedge = 0.15
keV [4]. Figure 35 shows the T(r) profile, normalized so that (T(r)) = To-D. Note that T(0)
is less than 65 keV, and so no portion of the plasma reaches the maximum (-v).
It is simple to calculate (-v)(r) from T(r). In HYPERION, (ov)(r) is very flat for r <
a/2 and even a bit hollow (see Figure 19), which provides inherent stability. This minimum
scale reactor does not have such an advantage, but (-v)(r) does significantly flatten for r <
1 m as T exceeds 40 keV.
Figure 37 shows the PF density profile, computed from (-v) (r) and n(r). The PF density
is very small in the outer 0.5 m of the plasma, which we call the "mantle" region. In the
mantle, the temperature is low enough so that radiative power losses dominate. In fact,
nearly all radiative power loss occurs in the mantle, which justifys our neglect of radiation
in our 0-D model. Integrating this PF density profile throughout the plasma volume yields a
total PF of 8.8 GW, about 25% greater than the 0-D value of 6.9 GW. This is a reasonable
error for our volume-averaged 0-D model.
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1-D Density Profile
r [m]
Figure 34: Electron density n as a function of minor radius r with an offset fraction of 0.25.
0~
0
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1 -D Temperature Profile
r [m]
Figure 35: Plasma temperature T as a function of minor radius r with an edge temperature
of 0.15 keV. In this model, we assume that the electron and ion temperatures are equal.
Note that T never reaches 65 keV, the temperature which maximizes (av).
Mark Reed
1-D Reactivity Rate Coefficient Profile
E
V
r[m]
Figure 36: The D-T fusion reactivity rate coefficient (-v) as a function of minor radius r.
Though (av) never quite reaches its physical maximum, the profile is fairly flat for r < 1 m.
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E
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1 -D Fusion Power Density Profile
r [m]
Figure 37: Fusion power PF density as a function of minor radius r. Very little power is
generated in the outer 0.5 m of the plasma (the mantle). This profile yields a total fusion
power of 8.8 GW, about 25% higher than the 0-D value.
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Current profiles are also instructive, and here we will complete an analysis similar to that
in the HYPERION report [4]. Equation 36 shows that the bootstrap current density profile
JbOOt(r) is a function of n(r), T(r), the electron pressure profile pe(r), and the poloidal field
profile Bo(r) [7, 496]. pe(r) is simply n(r)kT(r)/2, where k is the Boltzmann constant [3,
63]. We can compute Bo(r) from Jp(r), the total plasma current density. Of course, since
Jp (r) depends on Jbact(r), we must either employ an iterative solution or assume a plausible
initial Jp(r) profile. We choose the latter approach and assume Jp(r) = Jo[1-(r/a)2], where
Jo is a normalization constant we choose so that the integral of Jp(r) over the poloidal plane
is equal to Ip. Equation 36 is derived from neoclassical transport theory [7, 478-97]. Figure
38 shows J 0 t (r), which we renormalized to be consistent with fboot = 0.62.
1/2 Pe(r) 1 dn(r) 1 dT(r)~
JbOOt (r) = - er) -4.88 -0.27 I(39)R Bo(r) 8 n(r) dr T(r) dr _
Bo(r) = " r 2mrr'Jp(r') dr' (40)(00 Jo
In order to compute a total plasma current density profile Jp(r), we must know the
current drive density profile JCD(r). Due to electron-cyclotron current drive (ECCD) and
optical steering, we can assume JCD(r) is concentrated in the region r < a/2 [6] [9]. Given
a healthy amount of current diffusion, we can assume JCD(r) is of the form
JCD(r) = Clerfc [02 (r - (41)
where erfc(x) is the complementary error function. JCD(r) is mostly flat for r < a/2 and
smoothly drops to zero for r > a/2. C2 represents the width of the drop. We choose C1 =
a/2. C1 is a normalization constant which we use to ensure that JCD(r) is consistent with
fCD = 0.38. Figure 39 shows Jp(r). For purely illustrative purposes, JCD(r) sits on top of
Jboot (r)-
Now that we know Jp(r), we can calculate q(r) using the general definition of q in
Equation 39. This is a more explicit form of Equation 6, and it is equivalent to Equation
7 for r = a. Figure 40 shows the result. q(r) is a smooth profile with a minimum at
approximately r e a/2, which is called a "reversed q profile". The 0-D q* value is q* = q(a)
= 4.23, which confirms that our model is self-consistent. Note that qo = q(0) ~ 2.75. q(r)
is always greater than 2, ensuring excellent current stability. No sawtooth or surface tearing
instabilities will occur [7, 385-96].
7rr 2 (1 + K 2 ) B0q(r)to 2rr'Jp(r') dr(42)
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Figure 38: Bootstrap current density Jbot as a function of minor radius r. The bootstrap
current Iboot is a fraction fbot = 0.62 of the total plasma current Ip. It is concentrated near
the plasma edge.
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1 -D Current Density Profile
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Figure 39: The total current density Jp = JCD + Jboot as a function of minor radius r. The
bootstrap current density Jboot is as shown in Figure 38. The current drive density JCD is
concentrated almost entirely in the plasma interior r < a/2 with a profile of the form in
Equation 38. This is plausible given electron-cyclotron current drive (ECCD) control.
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1 -D Safety Factor Profile
r [m]
Figure 40: The safety factor q as a function of minor radius r given the Jp profile in Figure
39. This is consistent with the 0-D safety factor q* = q(a) = 4.23. Note that q is always
greater than 2, ensuring a very stable current distribution.
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4.7 Radiative Power
Since H = 1.48 is close to the L-H transition at H = 1.5, it is important to confirm L-mode
operation in terms of radiative power. As we described in Section 2.4, the L-H transition
occurs when a certain amount of auxiliary power is applied. More specifically, it is the power
conducted through the "scrape-off layer" PSOL that causes the L-H transition [7, 500-4]. The
scrape-off layer is a thin zone between the mantle and the blanket where significant radiation
occurs. We can express PSOL as
PSOL = (A + PAUX) - Prad = (Pa + PAUX) (1 - frad) (43)
where frad is the ratio of radiative power Prad to input power (Pa + PAUx) [12]. For the
L-H transition to occur, PSOL must be greater than the L-H transition power PL-H. As long
as PSOL is less than PL-H, the reactor is in L-mode. PSOL is defined with the scaling shown
in Equation 41.
P-1-(2.84)CBO.82no.58sRa 0-81 (4FL-H = 0M
The constant C is 3.5 in this case. PL-H is in MW, B is in T, n is in 1020/m 3, R and a
are in m, and M = 2.5 amu [4] [7, 503]. This yields PL-H = 355 MW. Then, given that PC
+ PAux = 1.612 GW, frad must exceed 0.78 for the reactor to operate in L-mode. Referring
back to Figure 3, frad > 0.78 is quite reasonable.
Due to the very small PF density (see Figure 27) and low temperature (see Figure 35)
in the mantle, we can assume that nearly all radiative power losses occur in the mantle and
therefore do not significantly affect the 0-D PF [4]. The HYPERION report shows this, and
the 1-D profiles we show here (see Figures 34-37) indicate that the same is likely true for this
minimum scale reactor. Thus, our neglect of radiative power losses in the 0-D core model is
a reasonable approach.
4.8 Operating Point Access
Just as with HYPERION, it is essential to ensure that the operating point is accessible.
Figure 41 shows the auxiliary power PAUx in the [n,T] plane for the 0-D operating point
specified in Table 2. In contrast with HYPERION, there is no PAux < 0 zone within the
n or T ranges of the operating point. There is still a saddle point, but it lies just off the
plot at high n. Accessing the operating point is simple. We can increase n and PAUx such
that the plasma simply moves directly to the operating point, which is marked with the red
circle at T = 44 keV and n = 6 x 1019 m-3 .
This operating point is stable for the same reasons as the HYPERION operating point. If
the temperature were to decrease, the required auxiliary power would also decrease, causing
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the plasma to heat up and regain its original temperature. If the temperature were to
increase, the required auxiliary power would also increase, causing the plasma to cool down
and regain its original temperature. Given that we can directly control density, the operating
point is quite secure.
4.9 Minimum Scale Conclusions
We have identified an estimate for the minimum scale R ~ 14 m for a steady-state L-
mode tokamak fusion reactor. This reactor would require a blanket fusion power density
PF/AS ~ 5 MW/m 2 and an on-coil magnetic field BMAX ~ 16 T (with high-temperature
superconductors). The choices of aspect ratio R/a and power gain Q are somewhat arbitrary,
though Q must be high enough to ensure that the tokamak qualifies as a "reactor" and
R/a must be high enough to ensure sufficient solenoid flux and that our solenoid model is
accurate. It is entirely possible that lowering R/a below our choice of 2.6 (with a more
sophisticated solenoid model) would allow for a modestly smaller scale, and we will focus
on such a possibility in future analysis. R ~ 14 m is likely an overestimate for the true
minimum scale.
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Figure 41: Auxiliary power (PAux) as a function of density n and temperature T for the
minimum scale reactor. The operating point (n = 0.91 x 1020 m-3, T = 21.7 keV, PAUX
= 230 MW) is marked with the red circle. The thick blue contour line shows when PAUX
is consistent with the operating point of 230 MW. The red arrows show the ignition path.
The conspicuous blotches were generated by our code and are not physical. Each contour
represents 10 MW.
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5 Conclusion
Large scale steady-state L-mode tokamak reactors such as HYPERION could fuel a
"hydrogen economy" for transportation. Avoiding the 1 GWe limit of the U.S. electrical
grid and moving to large scale allows for highly favorable conditions far from all operating
limits. Larger scale also allows for much greater economic efficiency. However, there is an
upper bound on scale set by the absolute maximum in reactivity (see Figures 2, 6, and 9).
Steady-state reactors are not limited by flux swing and can operate continuously, recharging
their solenoids during operation. L-mode reactors avoid instabilities associated with edge-
localized modes (ELMs) and allow volumetric heating in the mantle. Steady-state L-mode
tokamak reactors could be the future of controlled fusion research and even play an important
role in meeting the world's clean energy needs.
However, given the potentially prohibiting capital cost (~ $50 billion) of HYPERION, it
would be necessary to first build a similar reactor at a scale as small as possible. This thesis
shows that such a reactor could have a major radius as small as 7.5 meters, approximately
1/2 the size of HYPERION and only 20% larger than ITER. This minimum scale reactor
would be a precursor to HYPERION and would demonstrate the physical viability of a
steady-state L-mode tokamak reactor. Even apart from HYPERION, this smaller reactor
could perform well enough to be an end goal itself.
Steady-state L-mode tokamak reactors could be the future of controlled fusion research,
as they satisfy the design goals of current fusion research with highly competitive economic
efficiency. They could certainly contribute to meeting the world's need for clean, carbon-free
energy.
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